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Summary

P-wave reflection traveltimes may be used to constrain
the depth scale of transversely isotropic models with a
vertical symmetry axis (VTI) if the medium above the
reflector is laterally heterogeneous. In Part I of this work
we examined the inversion of P-wave normal-moveout
(NMO) ellipses for the vertical velocity Vpo and ani-
sotropic coefficients € and § in VTI models with plane
dipping interfaces in the overburden. Here, we extend
these results to stratified VTI media with irregular (e.g.,
curved) interfaces. Despite the higher complexity of the
model, non-planar interfaces increase the angle cover-
age of reflected rays, which helps to resolve trade-offs
between the medium parameters.

By employing singular-value decomposition (SVD),
we show that there exists a subset of VTI models for
which all parameters needed for anisotropic depth pro-
cessing can be obtained solely from P-wave reflection
traveltimes. The inversion methodology is based on an
extension of the theory of NMO-velocity surfaces to
wave propagation through irregular interfaces. We de-
velop a tomographic procedure to reconstruct both the
interval VTI parameters and the shape of the interfaces
and demonstrate its reliable performance on input data
contaminated by noise.

Introduction

Depth imaging in laterally homogeneous VTI media
above the target reflector is hampered by the fact that
P-wave reflection traveltimes are controlled by just
two parameter combinations: the NMO velocity from
a horizontal reflector Vamo(0) = Vpo+/1+ 24 and the

e—9 . .
1426 (Vpo is the verti-

cal velocity, € and § are Thomsen’s anisotropic coeffi-

anisotropic coefficient =

cients). However, this result of Alkhalifah and Tsvankin
(1995) is no longer valid if the overburden contains
non-horizontal interfaces or lateral velocity gradient
(Grechka and Tsvankin, 1999; Le Stunff et al., 1999). Al-
though lateral heterogeneity introduces additional un-
knowns to be estimated from reflection data, it may also
provide information about the individual values of Vpo,
€ and 4.

In Paper I (Grechka et al., 2000) we evaluated the
feasibility of parameter estimation for VTI media com-
posed of homogeneous layers separated by plane dip-
ping interfaces. If the interfaces do not intersect each
other, unambiguous inversion for the depth model re-

quires minimal a priori information, such as knowledge
of a single VTI parameter in one of the layers. Here,
we carry out singular-value decomposition and tomo-
graphic inversion of P-wave reflection traveltimes for
more complicated VTI models with irregular interfaces.
Our results show that for some models with smooth
curved interfaces, parameter estimation in depth can
be accomplished without any a prior:i information.

NMO velocities in anisotropic media with
irregular interfaces

We begin by extending the theory of NMO-velocity sur-
faces (Grechka and Tsvankin, 1999) to anisotropic me-
dia with irregular interfaces. The NMO velocity Vamo(£)
measured in 3-D space along a CMP line specified by
the unit vector L is given by

Vimo(£) = LU LT, (1)

where T denotes transposition. The 3 X 3 symmetric
matrix U is expressed in terms of the spatial derivatives
of the one-way traveltime 7 or the slowness vector p:

2
Ukm =170 76 T(X) =170 —6pk(X) . (2)
Oxk Oxm | __, Oxm | __,
(k,m=1,2,3).

Here 79 is the one-way zero-offset traveltime, and the
derivatives are evaluated at the CMP location x =Y.

The matrix U describes a quadratic NMO-velocity
surface obtained by plotting the NMO velocity as
the radius-vector along all possible directions of CMP
lines. Grechka and Tsvankin (1999) showed that if the
medium in the vicinity of the common midpoint is ho-
mogeneous, the NMO-velocity surface is always a cylin-
der; otherwise, it can be an ellipsoid or a one-sheeted
hyperboloid. The NMO ellipse W recorded in the plane
P can be viewed as the intersection of the NMO-velocity
surface U and P:

w=U[]P. 3)

If a CMP line lies on an irregular surface S (Fig-
ure 1) and is characterized by the unit tangent £ at the
common midpoint Y, the azimuthally varying NMO ve-
locity Vamo(S, £) can be found as

Vims(8,8) = (W +1op-K) £T. (4)

W is the NMO ellipse obtained as the intersection of
the NMO-velocity surface U with the plane P tangent
to the surface S at Y. In equation (4) it is assumed
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Figure 1. CMP line at an irregular surface described by the
radius-vector S(h1,h2). Y is the common midpoint, h1 and
ha denote the half-offsets in the coordinate directions 1 and
z2; at the CMP location, h1 = ha = 0.

that the slowness vector p is continuous across S. The
quantity
8%*s

Oh; Oh; h1:h2:0,

Kij = (4,5 =1,2) (5)
is the matrix of the second-order derivatives of S(h1, h2)
with respect to the half-offsets h; and hy (Figure 1).
If the surface S represents an interface with a jump
in the elastic properties, the NMO ellipse in the plane
P (denoted as W) will depend on the difference be-
tween the slowness vector above (p(*)) and below (p{™))
the interface. It is convenient to introduce an imaginary
NMO ellipse W () that would be measured in P if p(+)
were equal to p{™). Then equation (4) leads to the fol-

lowing expression for W():

WO =W gy (p —pO) ks, (6)

where the term 7o (p(+) - p(f)) - K represents a correc-
tion for the interface curvature.

The above results allow us to adapt the generalized
Dix formula of Grechka et al. (1999),

N

N
WY o =Y [WED]™ ro, (7

n=1

to layered media with irregular interfaces. W (V) is the
effective NMO ellipse from the Nth reflector measured
in the acquisition plane, and 79,, are the interval zero-
offset traveltimes. The quantities W£L+) are computed
by applying equation (6) at each interface encountered
by the zero-offset ray. W%_) is obtained as the intersec-
tion of the interval NMO cylinder U,, with the plane
Pr tangent to the interface at the transmission point of
the zero-offset ray.

This theory allows us to compute effective NMO el-
lipses W which can be obtained from 3-D multi-azimuth
reflection data. Since it is necessary to trace only one
(zero-offset) ray per common midpoint, the hyperbolic
portion of pure-mode reflection moveout can be modeled
without the time-consuming calculation of multi-offset
and multi-azimuth traveltimes.

Layer N

zer o-of fset
rays

Figure 2. Multi-azimuth CMP recording over a layered VTI
model with irregular interfaces.

Inversion of P-wave reflection traveltimes
Model representation and data for inversion

As in Paper I, it is assumed that at each CMP loca-
tion Y we can measure the zero-offset P-wave travel-
times 7o(n), the reflection slopes (horizontal slownesses)
p(n) = [p1(n), p2(n)], and the NMO ellipses W (n) from
all interfaces n = 1, ..., N (Figure 2). Our goal is to
determine whether or not the data

d(Y, n) = {n(Y, n), p(Y, n), W(Y, n)}, (8)

acquired at a number of CMP locations Y = [Y7,Y53]
can be inverted for all relevant model parameters

m = {Vpo,n, €n, On, Cjrjo,nts 9)
(n:l,...,N; j1:1,...,J1; j2=1,...,J2).

Here Vpo,n, €n, 0, are the interval VTI parameters, and
¢, are the matrices of the coefficients describing the
depths 2z, (Y1, Y2) of the model interfaces. We elected to
use the following polynomial representation:

J1 o J2
(Y1, Y2) = D > G YT YT (10)

j1=1 jao=1

Feasibility study
For models with plane interfaces, the dependence of the
data vector (8) on the CMP coordinate Y does not pro-
vide any new information about the model parameters
(Paper I). This is no longer the case in the presence of
interface curvature, because zero-offset reflection rays
change direction with the CMP location. Therefore, the
spatial variation of the data may help to constrain the
inversion and determine the depth scale of the model.
The zero-offset traveltimes 7o(n) and the reflection
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Figure 3. Zero-offset rays in the two-layer VT'T model used
in SVD analysis. CMP locations are marked by triangles.
The relevant layer parameters are Vpo1 = 1 km/s, €1 =
0.20, 61 = 0.10, Vpg,» = 2 km/s, e2 = 0.15, d2 = 0.05. The
interfaces are described by 2-D quadratic polynomials, so ¢;
and ¢, are 3 x 3 matrices.

slopes p(n) can be used to find the shape of the inter-
faces z,(Y) for any given estimate of the layer param-
eters

1={Vpron, €n, 0n}, (n=1,...,N). (11)

This is achieved by tracing zero-offset rays downward
and computing the coordinates of the reflection point
and the corresponding interface normal. The resulting
equations can be solved (in the least-squares sense) for
the coefficients ¢, in equation (10). Since the travel-
times 7o(n,Y) and slopes p(n,Y) are used to obtain
2n(Y), the layer parameters 1 [equation (11)] should be
found from the NMO ellipses W (n).

To prove that the NMO ellipses might constrain
the layer parameters uniquely, we present an exam-
ple of SVD analysis for a two-layer VTI model shown
in Figure 3. The ellipses measured from two reflectors
at four CMP locations (triangles in Figure 3) provide
2 X 4 x 3 = 24 equations for the six components of the
vector 1. Thus, the feasibility of the inversion can be ver-
ified by applying SVD to the 24 x 6 matrix of Frechét
OW(n,Y)

al
model parameters m. Since none of the singular values

derivatives F = computed for the correct
vanishes (Figure 4), the input data provide sufficient in-
formation for parameter estimation, and this VTI model
can be fully reconstructed in the depth domain from P-
wave reflection traveltimes.

Clearly, it is not always possible to obtain VTI pa-
rameters using just P-wave data. For example, when the
curvature of the intermediate interface in Figure 3 de-
creases, our model approaches that with plane interfaces
where at least one singular value is zero (Paper I). One

Logarithm of singular values

_35 i i i i i
1 2 3 4 5 6

Parameter combinations

Figure 4. Normalized singular values for the two-layer VTI
model from Figure 3.

Vpo,1 €1 0 Vpo,2 €2 P
(km/s) (km/s)
1.02 0.17  0.07 2.05 0.11  0.03

Table 1. Inversion results for the two-layer VTI model from
Figure 3. The standard deviations of Gaussian noise added
to the NMO velocities and zero-offset traveltimes are 2.0%
and 1.0%, respectively.

of the singular values also vanishes when either layer is
elliptically anisotropic (i.e., €, = dn).

Numerical examples

To confirm the SVD results, we carried out actual in-
version of P-wave data for the model in Figure 3 in
the presence of noise. Reflection traveltimes were com-
puted for 240 common midpoints placed at every 25 m
along the two dashed lines between the triangles in Fig-
ure 3. (Thus, we have an overdetermined system of
240 x 3 = 720 equations for reconstructing the inter-
face parameters ¢,,.) We added Gaussian noise to the
NMO velocities and zero-offset traveltimes determined
from the data and obtained the model vector m [equa-
tion (9)] using least-squares fitting of the data d [equa-
tion (8)]. Comparing the results of this test (Table 1)
with the actual parameters (see the caption to Figure 3),
we conclude that all three parameters in both layers
were found with good accuracy. The relative errors in
the interval vertical velocities Vpo,, and absolute er-
rors in the anisotropic coefficients are comparable to
the standard deviation of the noise added to the NMO
velocities. The inversion results do not depend (for the
same input data) on the initial guess for the model pa-
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Vpo,1 €1 01
(km/s)

(km/s)

€2 2 Vpo,3 €3 d3
(km/s)

Correct 1.80 0.20 0.10

0.15 0.05 2.30 0.10 0.03

Inverted 1.77 0.23 0.12

0.17  0.07 2.26 0.12  0.05

Table 2. Comparison of the correct and inverted parameters for the three-layer VTI model from Figure 5. The errors in the
inverted quantities are due to Gaussian noise with the standard deviation 2.0% (for the NMO velocities) and 1.0% (for the
zero-offset traveltimes).

4
’1\0\///
Y, (km) T2 Tas 4 05 0
Y, (km)

Figure 5. Zero-offset rays in a three-layer VTI model. Gray
dashed lines mark the CMP lines used in the inversion.

rameters, which suggests that the least-squares objec-
tive function in a certain vicinity of the correct solution
is unimodal. Knowledge of the interval VTI parameters
Vpo,n, €n and &, is sufficient to reconstruct the depth
and shape of the interfaces and build the whole VTI
model in depth.

Another example, this time for a three-layer VTI
model with a more complicated shape of the interfaces is
shown in Figure 5 and Table 2. The data vector d(Y, n)
was determined from the traveltimes computed at 600
CMP’s located along two lines with a spacing of 15 m.
The accuracy of parameter estimation (Table 2) is com-
parable to that in the previous example. Therefore, we
identified a subset of layered VTI models with irregular
interfaces for which P-wave reflection traveltimes pro-
vide sufficient information for the inversion in the depth
domain.

Discussion and conclusions

The possibility of inverting P-wave reflection data for
the interval parameters of layered VTI media strongly
depends on the geometry of intermediate interfaces.
While only the zero-dip NMO velocity Vamo(0) and 5
can be obtained for laterally homogeneous VTI media
above the reflector, the presence of dipping or irregu-
lar interfaces may helps to estimate all three relevant

anisotropic parameters (Vpo, € and ¢). For plane inter-
faces which do not intersect each other, unambiguous
inversion requires a prior: knowledge of a single inter-
val VTI parameter in at least one layer (Paper I). Here
we showed that if the interfaces are irregular, it may be
possible to reconstruct the model in depth from P-wave
reflection traveltimes alone.

The most critical assumption that ensured the suc-
cess of the inversion procedure is that the model is com-
posed of homogeneous layers. Allowing for a variation in
the VTI parameters within some of the layers may pre-
vent us from resolving the three principal components
of the model: anisotropy, irregular interfaces and hetero-
geneity. Even for isotropic models with lateral velocity
variation and irregular interfaces traveltime inversion
is generally non-unique (Goldin, 1986). Still, in some
special cases it may be possible to separate the contri-
butions of each of those three factors to the reflection
traveltimes; this topic requires further investigation.
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