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Summary

The t -p domainis the naturaldomainfor anisotropy-parameter estimationin horizontallylayeredmedia.
However, the needto transformthe datato the t -p domainor to pick traveltimesin the t-x domain, is
a practicaldisadvantage.To overcomethis, we combinea t -p domaininversiontechniquewith rational
interpolationof traveltimesin the t-x domain. This combinationresultsin a highly accurateandef�cient
semblance-basedmethodfor anisotropy parameter-estimationfrom themoveoutof P-wavesin layeredtrans-
verselyisotropic(TI) mediawith averticalsymmetryaxis(VTI).

Intr oduction

In the pasttwo decadesseismicprocessinghasgraduallydevelopedto allow for estimationof anisotropy
parametersfrom seismicdata.In thepresenceof anisotropy, themoveoutof P-wavesin horizontallylayered
mediaasobservedin common-midpoint(CMP)gathers,deviatesfrom beinghyperbolic.It is commonprac-
tice to get(initial) estimatesof therelevantanisotropicparametersby ascribingthenonhyperboliccharacter
of themoveoutto thepresenceof anisotropy. For P-wavesin TI mediatheseparametersaretheanellipticity
parameterh andthenormalmoveoutvelocityvnmo. Early techniquesbasedonTaylor-seriesapproximations
to thetraveltimesinclude[HHM84] and[TsTh94].However, thesetechniqueslackaccuracy at intermediate
andlongoffsets.
The t -p transformis the naturaldomainfor anisotropy parameterestimationin layeredmedia[Hake86,
VaKe02],sincethehorizontalslownessis preserved uponpropagationthroughsuchmedia.Sincethe t -p
transformis a plane-wave decomposition,the relevant velocity is the phasevelocity insteadof the group
velocity. Thelattervelocity is mathematicallymorecomplex andoftenfollows from approximationsto al-
readyapproximatedphasevelocities.Hence,anisotropy-parameter estimationin thet -p domainrendersthe
extra approximationfor thegroupvelocityobsolete,thusleadingto moreaccurateestimatesof therelevant
parameters.Thedisadvantageof thet -p domaininversiontechniqueis thatweeitherneedto (1) transform
thet-x gathersto thet -p domainandpick thet -p curvesin thisdomain,or (2) pick thet(x) moveoutcurves
andtransformtheseto thet -p domain.Most interpreterswill preferthesecondoptionsincethey havemore
experienceviewing datain thet-x domain.[VaKe02] thusrecommendedpicking traveltimesin thet-x do-
mainfor practicalpurposes.
Semblance-basedanalysesaresigni�cantly fasterandprobablymorerobust thanmanualpicking of travel-
times. This requiresthat traveltimesarecomputedat eachrecordedoffset. In this paperwe combinethe
t -p domaininversiontechniqueof [VaKe02]with therationalinterpolationmethodof [DoCa06]to create
a highly accuratesemblance-basedapproachin the t-x domainfor anisotropy-parameterestimationusing
P-wavesin layeredVTI media.

Nonhyperbolic moveout asa function of horizontal slowness

Theslantstackrelatestraveltimet andoffsetx to intercepttime t andhorizontalslownessp by

t = px+ t : (1)
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For P-wave re�ections in horizontallylayeredVTI mediathetotal intercepttime t is a linearcombination
of the interval zero-offset traveltimesDt0;i , theverticalP-wave velocity v0;i , andtheverticalslownessqi in
eachlayeri [Hake86,VaKe02].Thatis,

t = å
i

Dt0;iv0;iqi : (2)

[Alkh98] deriveda reduced-parameterexpressionfor theverticalP-wave slownessqi expressedin termsof
theinterval NMO velocityvnmo;i = v0;i [1+ 2di]1=2 andtheinterval anellipticityparameterh i ; seehisequation
A-10. [GrTs98]showedthat thehorizontalvelocity vhor;i = vnmo;i [1+ 2h i ]1=2 is betterconstrainedthanthe
anisotropy parameterh in a semblanceanalysis.Rewriting Alkhalifah's equation(A-10) in termsof vnmo;i
andvhor;i , andsubstitutingtheresultin equation(2), gives

t = å
i

Dt0;i

"
1� p2v2
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nmo;i)
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: (3)

To allow semblanceanalysisto bedonein thet-x domain,weneedto know thetraveltimefor eachrecorded
offsetx. It follows from thede�nition of thet -p transform(1) thatx = � ¶t =¶ p. Therefore,

x = å
i
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#

: (4)

Combiningexpressions(1), (3) and (4) resultsin the expressionfor the traveltime as a function of the
horizontalslownessp, i.e.,

t = å
i

Dt0;i
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#

: (5)

Equations(4) and(5) areexplicit in p, whereasfor a t-x basedsemblanceanalysiswe requiretraveltimes
for eachoffsetacquiredin the �eld. However, �nding the p valuethatcorrespondsto a certainoffset x in
equation(4),correspondsto asimpli�ed 2-pointraytracingproblemwhichcanbesolvedusingastraightfor-
wardbisectionapproach,sinceexpressions(4) and(5) aresinglevaluedandmonotonicallyincreasingwith
increasingp-values.However, a moreelegantandcomputationallylessdemandingprocedureis available
on by combiningthet -p inversiontechniquewith therationalinterpolationapproachof [DoCa06].

Rational interpolation

A rationalapproximationto a functiont(x) is generallywrittenas(see,e.g.,[StBu93]p.58-63)

t(x) �
NL(x)
DM(x)

; (6)

with NL and DM polynomialsof degree L and M respectively. We denotesuch an approximationas
[L/M]. The [L/M] rational interpolationis fully determinedby L + M + 1 supportpoints (t j , x j ) satisfy-
ing t j = t(x j ) = NL(x j )=DM(x j ). For a singlehorizontalVTI layer, [DoCa06]showed thata [2/2] rational
interpolationyieldshighly accuratetraveltime predictionsfor all offsetsbetweenthe �rst andlast support
offsets.Herewe extendtheirapproachto horizontallylayeredVTI media.
ExpressedasaThielecontinuedfraction,the[2/2] rationalinterpolationfor P-wavemoveoutbecomes

t(x) �
N2(x)
D2(x)

= t0 +
x� x0

r (x0;x1)+
x� x1

r (x0;x1;x2) � r (x0)+
x� x2

r (x0; : : : ;x3) � r (x0;x1)+
x� x3

r (x0; : : : ;x4) � r (x0;x1;x2)
;

(7)



whereweusetheshort-handnotation a
b+

c
d = a

b+ c=d . Thereciprocaldifferencesr arede�ned by

r (x j ) = t j ; r (x j ;xk) =
x j � xk

t j � tk
;

r (x j ;xi+ 1; : : : ;xi+ k) =
x j � xi+ k

r (x j ; : : : ;xi+ k� 1) � r (xi+ 1; : : : ;xi+ k)
+ r (xi+ 1; : : : ;xi+ k� 1): (8)

Equation(7) with the reciprocaldifferencesgiven in (8) canbe usedto �nd the traveltimest at offsetsx
different from the supportoffsetsx j . The interpolationis highly ef�cient sinceonly four supportpoints
needbecalculated(t0 is treatedasaparameterwith x0 = 0). It is known thatrationalinterpolationbecomes
degeneratein the caseof commonroots in the polynomialsNL and DM (see[StBu93], p.61-62). Such
degeneracy canbeovercomeby noiseinjection,i.e.,smallperturbationof thesupporttraveltimes(O[10� 1]
msor smaller)andoffsets(O[10� 1] m or smaller).

Parameter estimationby t-x semblanceanalysis

In orderto performsemblanceanalysisin thet-x domain,weneedto computethetraveltimefor eachoffset
acquiredin the �eld for a speci�c combinationof zero-offset time t0, NMO velocity vnmo andhorizontal
velocityvhor. ForasinglehorizontalVTI layer, [DoCa06]used5 regularlyspacedoffsetsto actasthesupport
pointsfor the[2/2] rationalinterpolation.For thelayeredmediumcase,thetraveltimesfor suchoffsetscan
be found usinga bisectionapproachappliedto equation(4) to �nd the appropriatehorizontalslownesses
p j , andsubsequentuseof thefound p j in equation(5) to calculatetheassociatedtraveltime.Alternatively, a
simple`ray-shooting'methodcanbeusedto computeoffsetsfor a rangeof p-valuesandextracttheoffsets
(andtheassociatedtraveltimes)closestto thedesiredones,to actasthesupportpoints. Thethusobtained
valuesof x j andt j ( j = 0;1; : : : ;4) constitutethe supportpoints for [2/2] rational interpolation[equation
(7)], whichallows thecalculationof thetraveltimeasa functionof offset.Theresultingmoveoutcurve can
beusedfor semblanceanalysisor to �atten aCMPgather.
Sincethe supportpoints are expressedin termsof the interval velocitiesvhor;i and vnmo;i , in principle a
semblancebasedglobalinversioncanbesetupto determinethevaluesof vhor;i andvnmo;i for all layersat the
sametime,orbyapplyingtheinversionin alayer-strippingfashion.However, in practicesuchapproachesare
notgenerallydesirable,dueto thetrade-off betweenvhor;i andvnmo;i for limited offsetacquisitiongeometries.
Alternatively, oncethelayerof interestis determined,theoverburdencanbemodeledasasinglelayerwith
certaineffective valuesof vhor andvnmo. Oncethesevaluesareestablished,thevaluesof vhor;i andvnmo;i can
be determinedby �nding the maximumsemblancevalueover a rangeof valuesof vhor;i andvnmo;i , while
keepingtheeffective valuesof vhor andvnmo of theoverburden�x ed.

Numerical example

Thesame4-layermodelasin [DoCa06]is usedto demonstratetheaccuracy of the inversionapproachto
estimateinterval parameters.The anellipticity increaseswith depthfrom noneto extreme(seeannotated
valuesof h in Fig.1), and the maximumoffset-to-depthratio is 4 for all events. Exact traveltimesare
computedby meansof raytracing.Fig 1adisplaysthecomputedCMP gatherandshows thetruevaluesof
h , vhor andvnmo.
Fig 1c-f show thesemblancescansfor the�rst throughthefourth eventasa functionof theinterval values
vhor;i andvnmo;i . For thepurposeof this numericalexample,thesemblancescansareobtainedwith a layer-
strippingapproachsincethetrade-off relationsbetweenvhor;i andvnmo;i wereonly smalldueto therelatively
largeemployedoffset-to-depthratio of 4. Thewhite triangleindicatesthelocationof maximumsemblance
andthegrey circle shows thevaluesof thetruevelocities.Note theexcellentagreementbetweentrueand
retrieved values. The accuracy of the inversiontechnique,andthusthe obtainedmoveoutcurves, is also
con�rmed by the high semblancemaximasmax (i.e., closeto one). Fig 1b shows the traveltime curves
predictedby theproposedapproachfrom therecoveredinterval horizontalandNMO velocitiessuperposed
on the true moveout curves. Discrepanciesare negligible demonstratingagainthe high accuracy of the
proposedmethod.Theblackdotsindicatethesupportpointsusedin therationalinterpolation.
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Conclusions

The t -p domainis the naturaldomainfor anisotropy-parameter estimationin horizontallylayeredmedia.
However, quality control of processingresultsandinterpretationof seismicdatais preferablydonein the
t-x domain. We combinethe t -p domaininversiontechniqueof [VaKe02] with the rational interpolation
methodof [DoCa06]to allow a highly accuratesemblance-basedinterval parameterinversionfor layered
VTI mediato be donein the t-x domain. This methodovercomesthe needto pick traveltimesin the t-x
domainor processingof the datain the t -p domain. The ef�ciency of the methodstemsfrom the fact
that only few supportpointsneedbe calculatedto achieve highly accuratemoveoutcurves with rational
interpolation.

References

[Alkh98] Alkhalifah,T., 1998,Acousticapproximationsfor processingin transverselyisotropicmedia:Geophysics,
63, 623–631.
[DoCa06]Douma,H., andCalvert,A., 2006,Nonhyperbolicmoveoutanalysisin VTI mediausingrationalinterpola-
tion: Geophysics,in press.
[GrTs98]Grechka,V. andTsvankin,I., 1998,Feasibilityof nonhyperbolicmoveoutinversionin transverselyisotropic
media:Geophysics,63, 957-969.
[Hake86]Hake,H., Slantstackingandits signi�cancefor anisotropy: Geophys.Prospect.,34, 595-608.
[HHM84] Hake,H., Helbig,K., andMesdag,C., 1984,Three-termTaylor seriesfor t2 - x2 curvesover layeredtrans-
verselyisotropicground:Geophys.Prosp.,32, 828–850.
[StBu93]Stoer, J.,andBulirsch,R.,1993,Introductionto NumericalAnalysis,Springer-Verlag,2ndedition.
[TsTh94]Tsvankin,I., andThomsen,L., 1994,Nonhyperbolicre�ection moveoutin anisotropicmedia:Geophysics,
59, 1290–1304.
[VaKe02]Van derBaan,M., andKendall,J. M., 2002,Estimatinganisotropy parametersandtraveltimesin the t -p
domain:Geophysics,67, 1076–1086.

Fig. 1. Interval semblanceanalysisfor VTI anisotropy estimation.(a) CMP gatherin a stronglyanisotropic4-layer
medium. (b) Traveltimescalculatedfrom the estimatedinterval velocitiesareoverlain on the true moveoutcurves.
Black dots indicatethe supportpointsusedfor the rational interpolation. (c)-(f) Semblancescansfor the interval
horizontalandNMO velocitiesfor layers1 to 4, respectively. Grey circle: true values;white triangle: positionof
maximumsemblance.Both the high semblancevaluessmax andthe closelyoverlappingtrue andobtainedinterval
parametersdemonstratetheaccuracy of thepresentedapproach.


